Introduction
The state of the art in simulation of fluid flow in fractured reservoirs relies on the application of dual porosity numerical models. These models contain two separate (possibly anisotropic) overlapping porous media, one for a permeable matrix and one for fractures in an impermeable medium. Both media are coupled so that fluid can flow from one to the other. The properties of each of the two components can vary from grid block to grid block as is typical in a finite element analysis. The fractured medium is equivalent to an anisotropic continuum with the permeabiity defined as if there were three mutually orthogonal regular sets of infinitely long parallel-plate fractures, with a constant spacing and aperture.
We have been considering the problem of defining approximate fracture permeability and elasticity tensors for each grid block in a fractured reservoir from maps of natural fractures. As a practical first step, we have developed a computer version of the statistical model for cracked rock due to M.
Oda and coworkers [see references in the following section]. Furthermore, we have modified Oda's standard model to include some important stress-and deformation-dependent processes.
Oda'sModel
In a series of papers, M. Oda 19871 . In this approach, the elastic compliance and permeability properties are related to the fracture geometry through tensors. The tensors for each physical property are derived by taking a volume average of the expected effect of each fracture in the population. The volume average contains functions of the fracture orientation, length, and aperture, in such a way that long fractures or wide fractures contribute relatively more than their smaller cousins. In this model elasticity can be implicitly coupled to fluid flow through relationships between fracture aperture and normal stress across the fracture.
Oda's model is practical at the expense of rigor. As mentioned below, there are some simplifying assumptions which reduce the generality of the results. However, the model is easy to implement and retains enough of the character of real fracture populations to be a significant improvement over assuming that fractures reside in three infinitely long orthogonal sets as conceptualized in dual ' porosity reservoir models. A significant benefit is that the permeability tensors derived from this model can easily be translated into the proper inputs for the dual porosity models.
Fabric Tensor
Oda [1982] envisioned that a general geometric property of cracked rock, termed the 'fabric', determines many mechanical properties of geological materials. He developed a mathematical description, a fabric tensor, which considers the following elements of crack geometry:
Position and density of cracks. The position of a crack is identified by the coordinates of its centroid. The density of cracks p is identified as the number of crack centroids per unit volume.
Shape and dimension of cracks. A crack is composed of two surfaces each of which has a unit normal vector n or (-n). The distance between the surfaces is termed the aperture t.
Cracks are assumed to have a simple shape, such as a circle in 3-D or arectangle in 2-D which occupies the same surface area as the real crack. The crack size is therefore specified by an equivalent diameter r.
Orientation of cracks. A probability density function E(n, r, t) is used to describe the number of cracks with diameter in the range r, t+dr with aperture in the range t,t+dt whose unit vectors n are oriented within a small solid angle do.
The fabric tensor was constructed by considering these features and averaging over all cracks in each arbitrary direction, yielding:
The factor 7c/4 comes from an assumed circular geometry of each fracture in 3-D. The expression is slightly different for the case of rectangular-shaped fractures in 2-D.
Oda [1982] shows that the first invariant of the crack tensor is related to crack density, and the second invariant of the deviatoric part of the crack tensor is a measure of anisotropy. Furthermore, Oda [1982] found that the crack tensor is empirically related to the uniaxial compressive strength and porosity of cracked materials. While the crack tensor properties by Oda [1982] suggest some relationship to the mechanical properties, it seems that this tie was not solidified until rederivation in a later series of papers.
One of the primary simplifying assumptions in the derivation of the fabric tensor (and in the related derivations for the elastic compliance and permeability tensors introduced below) concerns the relative position of fractures. Fractures are assumed to have a random position in the network and all fractures q e distributeduniformly throughout the network, as is often described by a Poisson point process. For example, the exact position of any one fracture (say a particularly long one) with respect to any other is not taken into account. Only the length, orientation, aperture, and stiffness of each fracture are retained in the calculation. Thus highly conductive clusters of fractures will not affect the Oda analysis, but may in reality have significant effects on fluid flow. Thus in Oda's model, fractures in the network can be arranged in an infinite number of different ways and still have the same mechanical and fluid flow properties.
.2.2 Elastic Compliance
Theoretical consideration of the elastic compliance of rock-like materials containing populations of open penny-shaped cracks led Odu et al. [1984] to a new derivation of the same fabric tensor described above. This time, the fabric tensor was related explicitly to the elastic properties. Although consideration of the elastic compliance of open penny-shaped cracks is beyond the scope of this paper, it is worth noting that further empirical studies showed a relationship between aspects of the crack tensor and the anisotropy of acoustic wave velocities in laboratory specimens [Odu et ul., 19861. This result suggests the potential to develop an inverse method to derive important aspects of fracture geometry from geophysical methods.
Fluid Permeability
In subsequent work, Oda [ 19851 developed a tensor model for the fluid permeability of fractured rock. A new qsumption required for fluid flow in this derivation requires that the fractures are comprised of smooth parallel plates with a constant separation or aperture t. In this case fluid flow is described by the parallel plate model, where the volumetric flow rate is proportional to the aperture raised to the third power (t3). The permeability tensor kij is found to be: where and &j is the Kronnecker delta function. Note the differences between the tensors f i j and &j with respect to the r and t terms. In (2) and (3), the fluid permeability depends on the statistical distributions of lengths r, apertures t , orientations nj, and density p of fractures in a network.
The issue of fracture interconnectivity arises in this derivation. In the cubic law for flow through a single fracture a premultiplying constant of 1/12 appears [e.g. Iwai, 19761. In Oda's derivation this premultiplyer is replaced by a variable h ranging between 0 and 1/12 to allow for imperfect interconnectivity of multiple frachires in a network. Oah [1986] argues that since elements of the fabric tensor describe fracture density and porosity, then h= A(&). Here, = f;ii -F 0 6 i j / 3 is the deviatoric part of f i j . These relationships are discussed at length by Oah [1986] and Oda et al. [1987] and are illustrated in Figure 1 (reproduced from Figure 12 of Oda et af. [1987] ). For our purposes we use the following approximation derived from this graph with h never exceeding the value 1/12 at large 6. 3 Deformation-dependent Fracture Permeability
. 1 Surface Roughness Effects
Fractures are well known for their effects on the mechanical and transport properties of rock. Mechanical properties, such as bulk elastic constants and shear strength, are strongly affected by the presence of fractures [Goodman, 1976 ; Brown and Scholz, 19861. Fractures also control the fluid permeability of crystalline and tight sedimentary rock [Kranz et al., 1979 ; Brace, 19801. These effects arise from the fact that the surfaces composing a fracture are rough and mismatched at some scale. The shape, size, and number of contacts between the surfaces control the mechanical properties. The surfaces are propped apart by the contacting asperities, and the resulting space between the surfaces (or aperture) controls the transport properties. Surface roughness, therefore, becomes important to q u a n m for the rigorous study of many fracture properties.
The parallel plate model for fluid flow can only be considered a qualitative description of flow through real fractures. Real fracture surfaces are not smooth parallel plates but are rough and contact each other at discrete points. Fluid will take a tortuous path when moving through a real fracture; thus deviations from the parallel plate model are expected. Taking the spatial variation of the aperture into consideration, laminar flow between rough surfaces has been studied theoretically, numerically, and experimentally [e.g., Walsh, 1981 is used to analyze their properties. The power spectrum is computed by breaking a time or spatial series, in this case the profile, into a sum of sinusoidal components: each with its own wavelength, amplitude, and phase. The squared amplitude of each component is referred to as its power and a plot of power versus wavenumber (27r / wavelength) is referred to as the power spectrum. The phase indicates the position of the first peak of each sinusoid relative to all others. The phase spectrum is a plot of the phase as a function of wavenumber. Phase spectra for rough surfaces are typically random, that is there is no consistent relation between phase and wavenumber. The power per unit frequency interval is known as the power spectral density. Excellent introductions to spectral analysis are given by Bendat and Piersol (1971) and B5th (1974).
Linear profiles of fracture and joint surface profiles exhibit power spectral density functions of the form:
indicating self-affine fractal geometry [Mandelbrot, 19831. Here, k is the wavenumber related to the wavelength h according to k = 27r/h. The exponent a depends on the the fractal dimension of a surface D as a = 7 -20. The fractal dimension of a linear profile is simply Dp = D -1. The fractal dimension describes the proportion of high frequency to low frequency roughness and is a measure of surface texture. For natural fracture surfaces, D falls in the range 2 5 D 5 3, with small values representing smoother surfaces. The constant C determines the standard deviation of the surface roughness about its mean plane at a particular reference profile-ien,@h. Additionally, the two surfaces comprising a fracture are often closely matched at long wavelengths and mismatched at small wavelengths, resulting in an aperture distribution whose spectrum has the form (9) at small wavelengths, but flattens out at long wavelengths 
Dilation Due To Shear Sliding
The amount of dilation or aperture increase due to the over-riding of asperities as the fracture surfaces slide past one another in shear can be estimated from the roughness characteristics following Brown [1995] . This can then be used to estimate the increase in permeability of each fracture in Oda' s model.
For the case of two identical isotropic fractal surfaces sliding past one another in shear, a mathematical relation between aperture and offset can be found. Brown [1995] gives the variance of the aperture a2 as: The function describing initial aperture as a function of fracture length to = f ( r ) was chosen to be linear at small r and tapering to an asymptote of about to = 1OOOpm at large r (See Figure  4) . The scale factor C was calculated from equation (1 1 In this expression s is the shear offset, a is the scaling exponent from (9), I? is the standard gamma function, and C is the scale factor from (9) and (11). Since the aperture is approximately Gaussian with standard deviation a, then the mean aperture to be used for fluid flow estimates is approximately t = 3a [Brown, 19951.
. 5 Amount of Fracture Slip
Frictional sliding occurs when the shear stress on the sliding plane reaches the frictional shear strength of the material. Once full sliding begins, the amount the of slip cannot be determined by the stress. Total slip is controlled by external parameters such as the boundary conditions or other restrictions on the displacement. Since we consider fractures to have finite size (e.g. diameter) then slip should be limited to some small fraction of the total fracture size. If slip becomes too large, then the stress concentrations at the fracture tips will cause the fracture to grow. Since modeling of quasi-static or dynamic crack growth is beyond the scope of this work, we assume that fractures remain fixed in size regardless of the stress. Empirical relationships have been found which show that the slip along finite-size f a d s are proportional to the total fault length [Cowie (UICI Scholz, 19921. This proportionality constant is typically between 0.01 and 0.001. In our modeling we assume that if the shear stress exceeds the frictional strength, then the surfaces will always slip the maximum amount as prescribed by this linear relationship.
We have developed an extended version of Oda's model for fluid permeability of fracture networks taking into account the aforementioned stressdependent properties of rough fractures. We consider the effect on permeability of fracture closure under normal stress and frictional sliding and resultant dilation of fractures under shear stress. A 2dhensional version of this model has been coded in the Matlab programming language (see Appendices). The code performs the following basic steps:
1. Input fracture orientations and lengths from data file.
2. Input or choose the unstressed hydraulic aperture for each fracture.
3.
Input surface roughness parameters and maximum frictional slip for each fracture.
4.
Input the in situ stress tensor.
5.
Input the rock matrix permeability tensor.
6.
Compute shear stress and normal stress on each fracture by tensor transformations.
7. Check whether the shear stress on each fracture is greater than the frictional shear strength.
If so, slip the fracture surfaces the maximum amount allowed and compute a new aperture based on the slipdilation relationship (Equation (13)).
8. Close each fracture due to normal stress across the fracture (Equation (12)).
Compute fabric and permeability tensors from Oda's model (Equations (1x8)).
10. Superimpose the matrix permeability onto the fracture permeability.
The computer codes implementing these steps are given in the appendices.
Example Application
We illustrate the potential of this model for modeling fluid flow in fractured media through an example. It will be apparent that the stressdependent effects are pronounced and should not be ignored in reservoir modeling. A photograph of a large-scale fractured outcrop in the Frontier Formation, Wyoming was chosen for analysis from b r e n z and Laubach [1994] . The photograph was scanned with a computer and cropped to a 350 x 350 pixel region representing an area of approximately 150 x 150 meters. The length and orientation of the major fractures visible in this region were then digitized for analysis (see Figure 2) . The numerical values of the other parameters needed for the analysis of this fracture pattern are given in Table 1 . An important, yet unknown, parameter is the aperture of each fracture. An arbitrary, but reasonable, choice was made that the aperture should increase in some proportion to the fracture length, but reach a maximum value for fractures greater than a certain size (see Figure  3 for the distribution chosen).
Taking this basic input data we have computed the tensors for various anisotropic stress states with slip either allowed or not. As a reference case, Figure 4 shows the fabric tensor (which is identical for all stress states) and the permeability tensor for zero tectonic stress. The numerous fractures parallel to the 0" azimuth (Figure 2 ) dominate the initial fabric tensor and permeability. Figures 5-10 show cases of increasing stress anisotropy applied with the greatest principal stress oriented at azimuth of either 0" or 90". Frictional sliding causes extreme changes in the permeability tensor, including both magnitude changes and rotation of the principal axes. For this example, a stress anisotropy of 2 1 results in little, if any, frictional sliding (Figures 5 and 6 ). As the degree of stress anisotropy increases, the number of sliding fractures increases in kind resulting in marked permeability changes Figures 7-10 ).
Summary and Conclusions
We have considered the problem of defining the fracture permeability tensor for each grid block in a rock mass from maps of natural fractures. For this purpose we implemented the statistical model of cracked rock due to M. Oda [1985] . In the original model tectonic stress was implicitly coupled to fluid flow through an assumed relationship between crack aperture and normal stress across the crack. We have added the following significant enhancements to the basic model: (1) a realistic model of crack closure under stress has been added along with the provision to apply tectonic stresses to the fracture system in any orientation. The application of stress results in fracture closure and consequently a reduction in permeability. (2) The fracture permeability can be superimposed onto an arbitrary anisotropic matrix permeability. (3) The fracture surfaces are allowed to slide under the application of shear stress, allowing fractures to dilate and result in a permeability increase.
Warpinski et al. [1991] discuss the significant anisotropy of tectonic stresses and the large changes in stress magnitude which have occurred during the production from oil and gas reservoirs such as Ekofisk in the North Sea. Anisotropy in the principal stresses implies that significant shear stresses can exist on suitably oriented joints or faults. We have shown through an example that if slip along the joints is allowed under shear stress, then the shape and orientation of the permeability tensor can change dramatically (nearly 90" in some cases) from that predicted for nondeformable and non-slipping joints. Obviously then, accurate modeling of deformable fractured reservoirs will benefit from the analysis of the stressdependence of fracture permeability that this model provides. It is especially noted that the maximum permeability direction may not coincide with the direction of the maximum horizontal in situ principal stress.
Many reservoir simulators utilize the permeability tensor calculated for a "sugar cube" fracture geometry comprised of three orthogonal sets of parallel-plate fractures [Reiss, 19801. The spacing and aperture of these three sets of fractures describes flow in the network. The model presented in this paper also describes flow through fracture networks as a tensor property. Our new tensor description can be cast in terms of effective sugar cube parameters. This allows the properties of complex deformable fracture networks to be readily modeled with existing reservoir simulators. if isempty(orient) orient = 0.0; end orient = -orient*pi/l80; aij = [cos(orient) sin(orient) ;-sin(orient) cos(orient)l ; matrix = (ai j *matrix) *ai j ' ; Kmatrix % Note: we assume that the thickness ' ' I ! ' is 1.0 so that the % volume of the rock mass is area*l.O. 
